We study the double electronic emission by photon impact from ground state of two-electron atoms in the center of a model spherical fullerene, which is described by a square-well shell. Cross-sections for different well depth are computed within a separable model for the final state, and a configuration interaction state for the initial one. Triple differential cross-sections show a strong dependence on the well depth and on the energy of the emitted electrons, due to the delocalization of the electrons in the initial state. The fullerene potential also allows higher angular momenta partial waves to be included in the process, which modifies the well-known two-lobe cross-section from isolated atom.
Introduction
Fullerene molecules, formed by pentagonal and hexagonal arrangements of atoms, have received attention right from its discovery and undoubtedly opened many new captivating areas in physics. These molecules come in different sizes and shapes, from the well-known, quasispherical C 60 carbon fullerene [1] to nanotubes. Beyond the specific features of fullerenes, many methods to include atoms inside their shells have been developed [2, 3] . These compounds form stable molecules that also attracted the interest of the community, such as their potential use as nanocages to store atoms [4, 5] . Many properties of these systems are determined by the differences in the physics of the embedded atom compared to the isolated one.
Some of the most interesting of these features arise when these endohedrally embedded atoms interact with light and electronic emission occurs during the process. Since the pioneering work of Puska and Nieminen [6] , different kinds of resonant behavior have been identified. First evidence of these effects were observed in the photoionization of C 60 , revealed as oscillations in the cross-sections [7] and attributed to the ability of the carbon shell to support an intramolecular standing wave. Confinement resonances are predicted for endohedrally embedded atoms such as Xe@C 60 [8, 9] , due to the reflection of the photoelectron in the fullerene cage. Furthermore, the role of multielectronic correlation has been investigated recently, giving rise to the so-called correlation confinement resonances [10] and also the interference among resonances [11] . However, all these works involved a complex multielectronic atom inside the fullerene shell, that gives rise to many mechanisms of electronic emissions even when the atom is isolated.
Few works are devoted to multiple photoionization of fullerenes or endohedrally embedded atoms. Double-tosingle total cross-sections ratio has been measured recently for isolated C 60 , which exhibits interesting modulation properties [12] . Kidun et al. have examined the multiple photoionization of C 60 within a many-particle approach [13] . Two-electron photoionization has been studied for high photon energies by Amusia et al. [14] , but only the doubleto-single photoionization cross-section ratio was reported. They analyzed the process with highly asymmetrical energy sharing, where the energy of one electron is much bigger than the energy of the other one. The emission in that case proceeds with a shake-off mechanism, where the fast electron absorbs most of the energy of the photon, while the slow one is ejected due to the residual modified atomic field left after the ejection of the first one. Since their model of the fullerene potential was a delta function, it did not 2 Journal of Atomic, Molecular, and Optical Physics take into account accurately the possible delocalization of the atomic electrons into the cage. Recently, Pindzola et al. analyzed the double ionization of He@C 60 , and found that there is only a change in magnitude in the triply differential cross-sections, whereas there are some differences in single and total cross-sections due to the confinement resonances [15] .
Whereas the investigation of bound or continuum states of two-electron systems can be performed by different techniques, double photoionization (DPI) of atomic or molecular species by single photons has unique advantages. First, it allows to probe the dynamics of the electron pair both in the initial and final states with the same collisional process. Besides, it is free of long-range correlations between the target and the incoming particle. Finally, the complete absorption of the photon by both electrons is determined by the interelectronic correlation. Then, it is not surprising that this process has been thoroughly studied along the years for both atomic and molecular species [16] .
The Model for DPI
In this work we bring a different perspective to the problem of DPI from endohedrally embedded atoms. We choose the simplest system to study the role of a model fullerene cage in the electronic emission as well as the influence of the interelectronic correlation in the process, both in the bound state as well as in the continuum one. Moreover, we do not aim to solve the complete problem consisting on hundreds of electrons. On the contrary, our approach uses a very simple model, both for the atomic wavefunctions and the fullerene potential. To this end, we consider a He-like atom in the center of the fullerene cage and assume that there are only two active electrons in the system. We also focus on equal energy sharing conditions for the ejected photoelectrons. The simplified electronic structure of the fullerene molecule seen by an electron has been usually described through a cage model potential [6] :
For C 60 , r c = 5.75 a.u., Δ = 1.89 a.u. [6, 7] . These simple assumptions enable one to discover all the richness of these systems. Moreover, different spherical fullerenes are described varying the well depth. In fact, the energetic structure of these molecules as a function of the magnitude of the cage potential U 0 presents a manifold of avoided crossing between states, even within this two-electron model [17, 18] . Similar results were found for endohedrally embedded hydrogen [19] . For the sake of simplicity, we choose to analyze the crossing between the ground and first excited states. Thus, the initial state of the system will be written in terms of one-electron 1s (φ 1s (r) = 4 √ 2 exp(−2r)) and 2s (φ 2s (r) = 2 exp(−r)(1 − r)) states of the isolated atom, and the approximate solution of the model potential (1),
2 ) where r 0 = r c + Δ/2. We construct the following configuration interaction (CI) wave function with these one-electron wave functions for the bound state:
+ b ϕ 1s (r 1 )φ w (r 2 ) + 1 ←→ 2 +c ϕ 1s (r 1 )ϕ 2s (r 2 ) + 1 ←→ 2 ϕ corr (r 12 ) , (2) where ϕ corr (r 12 ) = 1 + r 12 /2 is a correlation factor.
This state is suitable to analyze the collision process near the crossing between the ground and the first excited state of the system as a function of the potential depth. The basis parameters a, b, c as well as the exponential factor α, the normalization constant N and the energy depend on U 0 and are obtained with variational techniques, see Table 1 . The crossing is at U cross 0 = 1.35 a.u. (This value for the crossing depends on the model used for the initial state.) We also choose two other values of the magnitude of the cage potential U 0 to calculate the cross-sections, one below (U 0 = 1.1 a.u.) and one above (U 0 = 1.65 a.u.) the crossing of the levels. This particular selection of the basis does enhance the interplay between the free atomic ground state and the partially delocalized state with one electron in the atom and the other one in the fullerene, since the contribution of the 1s2s state through coefficient c is much smaller than the other ones. Thus, the basis parameters measure the degree of localization of the electrons: when a ≈ 1, both electrons are near the atomic core, while b ≈ 1 implies that the electronic density spreads up to the fullerene cage. The ground state thus changes along the crossing from an almost pure 1s 2 configuration (a ≈ 1, b ≈ 0) to a delocalized state (a ≈ 0, b ≈ 1) for U 0 = 1.65 a.u., while the excited state "mirrors" this behavior.
There are some indications that nondipolar (quadrupolar) terms are important in the single photoionization of endohedrally confined atoms [20] , mostly for photon energies near ionization threshold. Besides, endohedral confinement has been found to modify the quadrupolar resonances of the Xe atoms [21] . However, recent calculations show that nondipolar effects in DPI of He are important only for high photon energies [22] . Since experimental data is obtained usually in collisions with low-energy photons [16] we will assume a dipolar approximation for the DPI operator.
The triply differential cross-section (TDCS) in terms of the momenta k 1 and k 2 of the two ejected electrons can be obtained in the velocity gauge in terms of the transition matrix
where ε is polarization of the incoming light. We recall that this calculation can be performed also in acceleration or length gauges. Each gauge form emphasizes different regions of the configuration space, but all of them should give the same theoretical description of the process, provided that both the initial Ψ i (r 1 , r 2 ) and final Ψ − f (r 1 , r 2 ) states are exact wave functions, or at least very good approximations for them. Otherwise, differences between gauges are apparent [23, 24] . For simple systems such as He, these differences are restricted to the magnitude of the crosssections, and minor deviations in the angular distributions [25] that are irrelevant for the mainly qualitative study presented here. The calculation of the transition matrix is performed by direct six-dimensional numerical integration in the electronic spherical coordinates r 1 and r 2 , using a nondeterministic Vegas algorithm, with a relative error is smaller than 3% in the TDCS for all energies and angles considered [26] .
Let us turn our attention to the final state of the ionized electrons in the continuum. Among many approximate wave functions for this state, we choose a simple C3-style wave function (see [27] and references therein):
where the electronic wave function in the combined field of the atomic core (−2/r) and the fullerene cage (V w , (1) 
Results
We computed emission in an equal energy sharing situation (E 1 = E 2 = 10 eV), with linearly polarized light. The calculations of TDCS as a function of the magnitude of the fullerene cage U 0 are displayed in Figure 1 . Overall, the cross-sections interchange their character as the states go through the avoided crossing, due to the mirror collapse of the initial state [17] . This is more evident for final Coulomb states (compare red lines in Figure 1 Figure 1(c) ).
The emission from the ground state below the crossing (Figure 1(d) ) fully agrees with the isolated atom DPI from a 1s 2 state as expected, and is similar for both final state used, ψ Coul C3 (r 1 , r 2 ) or ψ cage C3 (r 1 , r 2 ). Near and beyond the avoided crossing, the presence of the fullerene cage counteracts the interelectronic repulsion, moving the lobes towards the emission direction of electron 1 (Figure 1(d) to Figure 1(f) ). This is slightly more important in the calculation that includes the cage in the final state (black curves in Figure 1 online).
However, the excited state exhibits a more dramatic change along the crossing: the cross-section changes from the typical two-lobe configuration to a four-lobe one. Thus, the mirror collapse observed in the intial state wave functions is broken in the cross-sections. This effect can be clearly seen in Figures 1(a)-1(c) when compared with Figures 1(d)-1(f) , and it is present for both final states used, although it is noticeable at this energy only with the nonpure Coulomb final state ψ cage C3 (r 1 , r 2 ). Both the initial and final states contribute to this feature. On one hand, the presence of a delocalized electron far from the nucleus in the initial state slightly changes the interelectronic repulsion. This has already been observed in calculations of double photoionization from He(1s2s) states [28] and were also attributed to the increasing extension of the initial state. Also, similar effects from the initial state have been measured from Ne(2s 2 ) [29, 30] . On the other hand, the introduction of the cage potential in the final state ψ cage C3 (r 1 , r 2 ) plays a very important role, restraining the interelectronic repulsion (Figure 1(b) ) or enhancing it (Figure 1(c) ) for different well depths. It is clear that the emission from the excited state deserves further investigation. The simple CI that we adopted to describe the initial state enables us to isolate the role of each CI state in the cross-sections. We computed the contribution of each CI state separately for the DPI of the excited state, see Figure 2 . In this case, the energy sharing is E 1 = E 2 = 20 eV, and we choose a pure Coulomb wave ψ Coul C3 (r 1 , r 2 ) for the final state. Contribution of the CI atomic states (1s 2 or 1s2s of (2)) results in the typical emission of electron 2 perpendicular to the direction of electron 1 (dashed and dotted lines in Figure 2) . However, the contribution of the atom-well CI state presents a complete different structure, with three clearly distinguishable lobes. It is clear from this figure that the overall shape of the emission is mainly dictated by the interplay between CI states, and not by the simple superposition of them. Below the energy crossing, the crosssection is dominated by the atom-well state (Figure 2(a) ), while above it resembles the typical two-lobe emission from 1s 2 double photoionization (Figure 2(c) ). In these cases, the contribution of the coherent sum determines the crosssections, whereas the role of the interference among states clearly defines the behavior at the crossing, see Figure 2 (b).
We can now compare the behavior of TDCS for different emission energies. While in Figure 1 (b) (E 1 = E 2 = 10 eV) two lobes are well defined when a pure Coulomb final wave is used, six lobes can be observed in Figure 3 (b) for E 1 = E 2 = 50 eV. This is not surprising, since the electronic density of the atom-well CI state has a maximum centered at the cage. Besides, partial waves with higher single electron angular momentum contribute to the cross-section for increasing electron energies and are included in the process, which Journal of Atomic, Molecular, and Optical Physics 5 results in these structures in the cross-sections. This is an effect due to the presence of the cage, because for isolated atoms, the centrifugal barrier inhibits the penetration of high angular momenta partial waves into the region where the atomic electronic density is significant. We have checked that this effect is enhanced when the final state Ψ cage C3 (r 1 , r 2 ) that includes the fullerene cage is used. Using the expansion proposed by Malegat et al. [31, 32] for the cross-sections, we obtained that the maximum single electron angular momentum rises to l max = 14 when the cage is included in the final state, compared to l max = 8 with the pure Coulombic final state.
Conclusions
In summary, we have computed double photoionization cross-sections from two-electron atoms endohedrally embedded in a model spherical fullerene. This simple system shows striking differences with the electronic emission from isolated atoms. The presence of the fullerene cage determines the structure of the cross-sections, breaking the initial state mirror collapse, and enhancing the role of higher angular momentum waves of the ejected electrons in the process. This effect is more remarkable for higher energies, although it can be seen for small ones, providing that the final state also includes the cage potential. The relation between the present results and confinement resonances found in this process deserves further explorations.
